Abstract-Let φ be an orthonormal scaling function with approximation degree p − 1, and let Bn be the B-spline of order n. Then, spline type scaling functions defined byfn = f * Bn (n = 1, 2, . . . ) possess higher approximation order, p + n − 1, and compact support. The corresponding biorthogonal wavelet functions are also constructed. This technique is extended to the case of biorthogonal scaling function system. As an application of the method supplied in this paper, one can easily construct a sequence of pairs of biorthogonal spline type scaling functions from one pair of biorthogonal scaling functions or an orthonormal scaling function. In particular, if both the method and the lifting scheme of Sweldens (see [1] ) are applied, then all pairs of biorthogonal spline type scaling functions shown in references [2] and [3] can be constructed from the Haar scaling function.
INTRODUCTION
We denote φ(t) an orthogonal scaling function that satisfies dilation equation (or refinement equation)
where the constant coefficients c k satisfy the following four properties.
(i) c k = 0, for k / ∈ {0, 1, . . . , 2p − 1};
Solutions of c k for 1 ≤ p ≤ 10 that satisfy Items (i)-(iv) can be found in [3] and [4] . For instance, for p = 1 and p = 2, the corresponding scaling functions are, respectively, the Haar scaling function and the Daubechies D 4 scaling function.
For each p ≥ 1, it was shown in [3] that the dilation equation (1) has a unique solution such that supp φ = [0, 2p − 1]. There are several ways (cf. [5] and [6] ) to construct the solution φ, e.g., Daubechies method (cf. [4] ), upon which the scaling function is constructed by using iteration
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where φ 0 is the characteristic function over [0, 1] , χ [0, 1] . For p = 1, φ 0 is invariant in (2) and hence φ n = χ [0, 1] (n = 1, 2, . . . ). For p = 2, φ ∈ C r , r ≈ 0.55. From Property (iii) and equation (2), we obtain k φ(t − k) = 1. In general, one can show that the polynomials 1, x, . . . , x p−1 are in the subspace spanned by {φ(t − k)}; i.e., the approximation degree of φ is p. Taking integral over R on both sides of equation (1), we find Item (ii) is equivalent to R φ(t) dt = 1. Taking Fourier transform,ĝ (ξ) = ∞ −∞ g(t)e −iξt dt, on both sides of equation (1), we haveφ(ξ) = m φ (ξ/2)φ(ξ/2), where
is called the mask of φ. It is easy to find Item (iv) is equivalent to the orthonormality of {φ(t − k)} k∈Z ; i.e., φ(t), φ(t − k) = δ 0k . The orthogonality condition of {φ(t − k)} becomes k φ (ξ + 2πk) 2 = 1 that can be further described as
, we define the corresponding wavelet function as
Here, supp 
In addition, the first p moments of ψ jk equal to zero
and hence the Fourier transform of ψ satisfiesψ = m 1 (ξ/2)ψ(ξ/2). If two scaling functions, φ andφ, satisfy φ(t),φ(t − k) = δ 0k , we call them biorthogonal scaling functions. If the dilation equations of φ andφ are
or equivalently,φ
then the corresponding biorthogonal wavelets ψ andψ can be defined by
or equivalently,
Here, m φ (ξ) andmφ(ξ) are, respectively, masks of φ andφ,
and coefficients c k andc k satisfy Items (i)-(iii) and Item (iv) , i.e.,
Let φ be an orthonormal scaling function with approximation degree p − 1. In this paper, we construct spline type scaling functions,f n , by using convolution:f n = f * B n ; for n = 1, 2, . . . , where B n is the B-spline of order n. In Section 2, we will show thatf n is a scaling function with approximation degree p + n − 1, and its dilation equation will also be established. Since the orthogonality is not generally preserved byf n , we will construct biorthogonal scaling functions and biorthogonal wavelets fromf n in Section 3. In addition, we will extend this technique to biorthogonal scaling function system. An application of this type of wavelet can be found in [7] , in whichf 1 was used to construct Galerkin basis functions in Galerkin-wavelet methods, which produce well-conditioned stiffness matrices and satisfy the Dirichlet boundary conditions. Another application is given in Example 3.4, in which biorthogonal scaling functions with higher regularities are constructed. Shann and Tzeng [8] studied the case n = 1 of this technique, which is called the levering scheme there and is considered as a complementary of the lifting scheme (see [1] ). As an application, using the method supplied in this paper one can construct a sequence of pairs of biorthogonal spline type scaling functions from one pair of biorthogonal spline type scaling functions. In particular, using both the method and the lifting scheme of Sweldens, one can construct all pairs of biorthogonal spline type scaling functions shown in [2] and [3] from the Haar scaling function (see Example 3.3).
SPLINE TYPE SCALING FUNCTIONS CONSTRUCTED BY USING CONVOLUTION
Denote B n (x) the B-spline of degree n − 1 having notes as 0, 1, . . . , n; i.e., B n (x) = Q n (x) = M(x; 0, 1, . . . , n), which is defined by (1.1) on page 11 of [9] . We first give a general expression of the convolutionf n = f * B n for bounded function f . Theorem 1. Suppose that f : R → C is bounded. Then, its convolution with B-spline B n , denoted byf n , exists and satisfies
where ∇ n is the backward-difference operator defined by
Proof. Since f is bounded by a constant C and
We now prove formula (9) using mathematical induction. For n = 1,
Assume inductively that equation (9) holds for n = k, we now turn to the case of n = k + 1. Using identity (2.4) in [9] and identity (vii) in [10] and substituting x − t k+1 → t k+1 yields
Applying the inductive assumption, the last integral can be written as
, and t 1 → t 1 − 1 successively in the second integral on the right side of the above equation, we change the right side into
Hence, identity (9) has been derived.
Remark 2.1. The backward-difference operator shown in equation (9) has the following property. Let φ : R → R be a bounded function. Then,
The above equation can be proved by applying the following obvious identity to the left-hand side of the equation:
where k is any nonnegative integer. From definition ofφ shown in (9) and Fourier transform of B-spline,
the Fourier transform ofφ n can be written aŝ
We shall show that if f in Theorem 1 is a scaling function, then the correspondingf n , n = 1, 2, . . . , are also scaling functions with higher approximation orders and compact supports. We now establish the refinement relation off n as follows.
It is obvious that the convolution of two refinable functions is also refinable. Since B n is refinable with mask (see equation (10))
f n is refinable if f is refinable. Indeed, let f be φ defined as in (1) with mask
then the correspondingφ n defined as in equation (9) is refinable and possesses mask
In addition, we have the following proposition. (9) is also in L 2 (R) and satisfies dilation equation
where
Proof. From equation (13) mφ
Noting n j = 0 for j > n, we obtain equation (14) .
Equation (14) can be written asφ
Example 2.1. For n = 1, from Proposition 2 we have the dilation equation forφ 1 as
For n = 2, the dilation equation of φ 2 is 
we haveφ
This completes an alternative proof of Proposition 2.
To find the properties of the set of dilation coefficients, {h
k } k∈Z , we need the following lemma.
Lemma 3.
for = 0, 1, . . . , n − 1. In addition, equation (16) does not hold for = n.
Proof. We first derive the following equation.
In fact, for = 0, 1, . . . , n − 2,
Next, we prove equation (16) inductively by using (17). Equation (16) obviously holds for = 0. We assume it is true for all = 0, 1, . . . , k, 0 ≤ k ≤ n − 2. Considering the case of = k + 1, we have
Here, the induction assumption and equation (17) have been, respectively, applied in the last two steps.
To prove the last statement of the lemma, we consider the case of = n in (16) .
This completes the proof of Lemma 3.
Theorem 4. Suppose that the set of dilation coefficients, {h
(n) k } k∈Z ,
is defined in Proposition 2. Then we have
(i) h (n) k = 0, for k / ∈ {0, 1, . . . , 2p + n − 1}; (ii) k h (n) k = 2; (iii) k (−1) k k m h (n) k = 0, for 0 ≤ m ≤ p + n − 1.
Proof. From Item (i) and the definition {h (n)
k } shown in Proposition 2, we immediately know Item (i) holds. Item (ii) also holds because
Finally, we prove Item (iii) . For m = 0, 1, . . . , p + n − 1,
Hence, for 0 ≤ i ≤ p − 1, the sum in the second parenthesis in the last line of the above equation is equal to zero (see Item (iii)).
Therefore, from Lemma 3 the sum in the first parenthesis in the last line of the above equation becomes zero. It follows that the right-hand side of the last equation is equal to zero. This completes the proof of Theorem 4.
It is obvious thatφ n does not satisfy Item (iv) that is shown at the beginning of the paper. Hence, we will construct a scaling functionφ n that is biorthogonal withφ n in the sense φ n (t),φ n (t − k) = δ 0k .
BIORTHOGONAL SPLINE TYPE SCALING FUNCTIONS AND WAVELETS
Letφ n be defined as in (9) that satisfies dilation equation (14) , in which dilation coefficients possess properties shown in Items (i) -(iii) of Theorem 4. Hence,φ n is also a scaling function with approximation degree p+n−1. To find another scaling function that is biorthogonal withφ n in the sense shown at the end of the last section, we first consider B-spline functions, denoted by C n (t) (n = 1, 2, . . . ), that are defined as
where function M is given in (1.1) of [9] . Therefore, the Fourier transform of C n (t) iŝ
Comparing the above expression with equation (10) yieldŝ
Equation (20) can also be derived from the symmetry of B-splines. From the symmetry, C n (t) = B n (−t), which implies that the Fourier transform of C n (t)(ξ) = B n (−t)(ξ) = B n (t)(ξ). Denoteφ n a function that satisfies
where φ is an orthonormal scaling function shown at the beginning of Section 1. Taking Fourier transform on both sides of equation (21) and noting equation (19) yieldŝ
Theorem 5. The functionφ n is well defined by equation (21), and it satisfies the following dilation equation:φ
and m φ is the mask of φ.
In addition, letφ n be defined as (9) . Then {φ n (t−k)} k∈Z and {φ n (t−k)} k∈Z are a biorthogonal set; i.e.,φ n andφ n satisfy φ n (t),φ n (t − k) = δ 0k .
Proof. To derive dilation equation (23), we start from equation (22) and apply equations (20) and (21) to givễ
Hence, equation (23) is established andφ n is well defined by (21).
To prove the biorthogonality of {φ n (t − k)} k∈Z and {φ n (t − k)} k∈Z , using the general Parseval's relation, substituting expressions shown as in (11) and (22), and noting relation (20), we have
where the last step is due to the orthonormality of {φ(t − k)} k∈Z . This completes the proof of Theorem 5.
We now turn to the properties of the dilation coefficients ofφ n .
where dilation coefficients, {h
Proof. The mask ofφ n can be written as
where s, t are in Z or infinite, which will be determined as follows. We also assume thath n j
Since m φ (ξ) = (1/2)
, equating coefficients of e −ikξ for each k on both sides of equation (25) yields s = n, t = 2p − 1, and
Remark 3.1. From (24), we can evaluate {h
Hence,h
Remark 3.2. Equation (24) can be derived using a similar argument in Remark 2.2. First, similar to Theorem 1, we have
where ∆ is the forward-difference operator ∆ that is defined as ∆f (t) = f(t + 1) − f(t) and ∆ n f = ∆(∆ n−1 f ). Secondly, from Remark 2.1, we obtain the following formula:
Finally, use the above two equations to establish equation (24).
The following theorem and Theorem 4 give the summary of the properties of dilation coefficients ofφ n andφ n .
Theorem 7. Suppose that the set of dilation coefficients, {h
Proof. Item (i) is given by Proposition 6. Since 
On the other hand,
Taking m = n in the last line of equation (26) and noting Lemma 3 and
Because of Lemma 3,
for all 1 ≤ ≤ M , M < p − n − 1. Substituting m = + n + 1 into the last line of equation (26) and noting equation (27) and
Using Lemma 3 gives
Hence, we have proved Item (iii) holds for all 0 ≤ m ≤ p − n − 1.
Here, all coefficients of F (ξ) are real, F (0) = 1; N and k are positive integers; and k ∈ Z. 
In addition, (30) and (31) can be replaced, respectively, by weaker conditions C({a j }, k) < 2 (30) is directly from Lemma 3 of [13] , and condition (31) comes from the following observation and a similar argument in the proof of Lemma 3 of [13] .
At the end of this paper, we point out that the results we obtained for the orthogonal scaling functions can be extended to those for the biorthogonal scaling functions. ., f (t), g(t − ) = δ 0 ) with approximation degree p andp, respectively. Then functionsf n andg n defined bȳ f n (t) = (B n * f) (t) and (C n * g n )(t) = g(t),
where B n and C n are B-splines, are also biorthogonal scaling functions with approximation degree p + n − 1 andp − n − 1, respectively. In addition, if f ∈ L 2 (R), thenf n is also in L 2 (R). If the Fourier transform of g can be written asĝ Example 3.3. Considering the examples given in [2] and [3] , let N φ and N,Ñφ be a pair of biorthogonal scaling functions with masks N m 0 and N,Ñm 0 , respectively. It is easy to check that N φ n (t) = N+n φ(t − k) and N,Ñφ n (t) = N+n,Ñ −nφ (t − )(n <Ñ) for some integers k and , wheref n andg n are defined by equations (9) and (21). Denote the masks of N φ n (t) and N,Ñφ n (t) by m N +n andm N +n,Ñ −n , which can be found using Proposition 2 and Remark 3.2. Thus, we give an easy way to derive sequences of pairs of biorthogonal spline type scaling functions shown in [2] and [3] . For instance, the masks of 1 φ and 1,3φ are, respectively, 
